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The equation governing the evolution of a displacement vector in an elastic body with dissi-
pative temporal and spatial non-local memory is considered. The memory term is generated by
a singular but integrable kernel. The existence of a global weak solution to an associated initial-
boundary problem is established by constructing Galerkin approximations and deriving suitable
energy estimate.
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1. Introduction.

In this paper, the equation governing the evolution of a displacement vector in an elastic body
is investigated.

The body is assumed to occupy a reference configuration @ C RN at an initial time and to
have unit density. The vector u = (u1,...,un) represents the displacement. Our investigation is
focused on the existence of a weak solution to the non-linear wave equation for the displacement
u written in the form

82112' 3
1 ——0ii = i p=1,..., N,
( ) 8t2 31‘]’ 7ij f !
where ¢;; is the Cauchy stress tensor and f = (f1,..., fn) is the external body force per unit

mass.
The stress tensor usually depends on the symmetrized gradient of the displacement vector
(infinitesimal strain tensor) given by the constitutive equation

2) 7i(a.1) = Ge(en(z. 1),

2 \ Oz ox;
space dimension it is well known that a weak solution exists. This result follows from the recent
work of Di Perna [6] and is based on compensated compactness arguments. Intensive efforts of
many mathematicians have brought partial results in some special cases for dimension N > 2.
However, the question of existence of a solution to the general nonlinear elastic problem remains
open.

Experience indicates that certain materials have memory. It means that the stress depends not
only on the strain at the present time ¢, but also on the entire history of the strain from zero to
time ¢. In this case, the instantaneous stress (2) in equation (1) is extended by the memory part,
which usually has the form

(3) —/0 hr —t)(eu(x, ) — eu(x, t)) dr,

where W = W(e;;) is the function of free energy and e;;u = 1 (6“’ + 6uj). In the case of one
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( h denotes a suitable kernel). On first sight it is surprising that existence of a solution to such an
equation can be proved (see [2] and [14]).

However, there are other materials where the stress depends not only on the history of the strain
at given z, but also on the history at all points located in the neigbourhood of z, more generally
on the history at all points of £2. To prove the existence of a weak solution for the system including
non/local memory effects, both time and spatial ones, is the purpose of this paper.

We will consider the equation

(4) (2, t) — 7z 02](1‘ t) = fi(z,1) on  x (0,00), i=1,2,...,N

where 0 = ol + oM

ow
I _
(5) 05 = des; (eu)

(6 = [ [ (esnten) - i M Dae ar
with boundary conditions

(7 w(z, ) =0 for xz € 08

and initial conditions

(8) u(-,0) = u° u(-,0) = u'.

Let a domain @ C RN, N > 2 be bounded and let it posses Lipschitz continuous boundary

9Q. We assume that the function W : R?N — R is continuous, has bounded second derivatives,

w(0) = g:vv (0) = 0 and the condition of ellipticity holds, e.g. there exists a real number £ > 0
ij

such that

32
9) m(q) azj - ap > k- [|af|?
]

holds for every a, ¢ € R*N.
We also suppose h(t) = e~ '~7 where 0 < v < %, N—-1<a< N, A>0and

o

(10) f € WE2((0,00); W F52(Q; R N)NL2((0,00); W HA(Q R M) ML ((0,00); LA R Y)),

(11) u e WhHQRY), Wl e IR N).

We use the Galerkin approximation. The operator iaij is compact in time and space. The
7

dx
memory part of the stress tenzor allows us to establish the basic estimates.
We will deal with spaces of functions with non-integer derivatives.
Definition 1. Let 0 < s < 2 and u : € — B be a function, where B is a Banach space and

Q c RN is a domain with Lipschitz continuous boundary. We define

ulr)—u y



and

. . Gt 1
(13) ||u||WSJ2(Q;B) = ||u||W1)2(Q;B) + Z )0 o — gD rdy dor I <s <2
1=1

The space W*2(Q; B) contains the functions u satisfying
(14) ||U||Ws,2(Q;B) < 00,

Wo2(Q; B) = L*(Q; B), WH2(Q; B) is introduced usually. (If B = R, then we denote W*2(Q) =
We2(Q;R).)

The space W2 ?(Q2) can be introduced as the closure of D(Q) (test functions) in W*?%(Q) and
we denote the dual space W=12(Q) = (W(}Z(Q))*

For —1 < s < % we have W*?(Q) = W *(Q).

Let v',v% ... be a basis in W)»*(Q) which is orthonormal in L?(Q) composed by the eigenfunc-
tions of the equation

(15) Av+ v =0 on £, v € WHHQ)

and we denote the corresponding eigenvalues A1, Xs,.... In the space W2 2(Q) there exists an
equivalent norm

(16) ||u||€vs,—z(ﬂ> ~ Z)\f ¢, where ¢ = / uv' dx
’ i=1 L
and
() iy = [ (- fa)1) de
RN

where % means Fourier transform of function u
(18) 6(5) — / U(l‘) . e—i~(511‘1+...+le‘N) dr , g cR N.
R N
We shall use the Parseval equality

. 1 ~ A 2m N
(19) /RNuwdx:W/RNuwd& u,v € LR ),

rules for Fourier transform of convolution and derivatives

——

(20) UxV=1-D,
(21) %(5) = —i-&-u€), ueS*MN), ve X(RY).
J

(The space of temperate distributions $*(IR V) means the dual space to

(22) SNy ={p e C®MN); sup [P DY(z)| < 0o for every multiindex «, 3 € NN}
zeRN
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and convolution of u and v is introduced by the formula
(23) (w*v)(x) = / . u(&)v(x — &) d¢.)
R

We shall need the Fourier transformation of power # for % <a< N

(21) (?) ©=@n¥ 23 L2, (Vae—va)

2. Galerkin approximation.
Definition 2. A weak solution to a mixed problem (4) — (8) is a function

u € L*((0,00); WH3(Q; R N)), for which

(25) i € L((0,00); LA R YY)
i€ L2((0,T); W=L3(Q; R ) for all 7> 0

and for all v € W1H2(Q; R N), and for almost all 7' > 0 the equality
W (eu(z,t)) - e;;v(x) dedt—

(26) /OT/Qui(x,t)vi(x)dde/oT/ﬂge”
—A/OT/Q </Ot/ﬂ(eiju(g,r)—eiju(g,t)). lllzst—_ﬁr;) -de dT) eg;v(x) dedt =

T
:/ /fi(x,t)wi(x)dxdt
0o Ja
holds.

(Tt is necessary to comprehend the integrals in the sense of distributions.)
There exists a basis w!,w?, ... in the space W) ?(Q) which is orthonormal in L%(2). We
construct Galerkin approximants u” of the form

n

(27) W)=Y M) - wh(e), n=1,2,....

k=1
Using successively w!, ..., w" as test functions in (26), we get conditions for functions of time
(n) _(n) (n)
€] Cy 0

(28) 5gg>(t)+/ﬂg% (chcn)(t).ewk(x)) eqw™(x) dr—

_ Akz: /ﬂ /ﬂ el’f'wk@?;ii_wgcff”)d{f dr. /0 t () = &) - bt = 7y dr =

= [ e ds

with conditions

(29) M(0) = / uf - w de, M0y = / up - w de, m
Q Q

I
—-
3
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This problem possesses a unique solution on some interval {0, T ), (7w is the maximal time of

existence of the solution).
Thus there exist approximate solutions u™ satisfying the equation

oy [irdss [ T ) codae
/(/ /(e”u (& 7) = eiju (&, 1)) h(t ) S dT>'ez’jv(r)d:p:
:/ﬂfi~vid:v

for all v € sp{w?,..., w"} (subspace spanned by w!, ..., w").

3. Basic estimates.
For this solution we may state the following.
Lemma 1. For any T, 0 < T < T, the solution u™ satisfies for some C7 > 0

(31) %/ﬂ||u”(~,T)||2d:b+/ W (e (-, T)) da+
w1 (g —ae )’ st <

< —/ ||u1||2d:b—|—/ W(euo)dx+/ /fﬂ't? dxdt.
2 Ja Q 0o Ja

Proof: Let us extend u” by zero outside €. We put the time derivatives 4" (-, ) as test functions
into the expression (30) and integrate over (0,7

62 3 [l =5 [ 1ol dos
—|—/ﬂW(eu”(~,T))d:L‘—/ﬂW(eu”(~,0))d:L‘—|—

! t h(t — _
i )‘/0 /ﬂ </0 /n(eijun(g’t) —eiju"(&,7)) - I:L(‘— 42 d€d7> éiju” (x,t) dedt =
T
:/ /frd?dxdt.
o Ja

We can write the last integral on the left-hand side of (32) as a convolution (23), then we use the
Parseval equality (19) and properties of Fourier transform of convolution, derivatives and powers

(20), (21), (24)

eju(§, ) —eu(E ) L, _
(33) /ﬂ/ﬂ P ej;u" (z,t)dédz =

=(27)% 257, FIEJ(%;) . % [/]RN 2o (@(5,15) B @(1577_)) ~md5+

+ [ JerNe (wen - e n) B d&].



Denoting by n= (n4, n;) the outer normal to dMrp, where
Mp={(t,7);0<t<r,0<7< T}
we compute that for some dy > 0
T ot e e -
Go [ [ [ ey (@ - wen) - T 0de bt ) drde =
o Jo JrN
d —~— ——
= / |g|2+a—N/ — |un (€, t) — un (¢, r)|2 ~h(t — 7)drdtd¢ =
RN MT dt

I/RNIH”’“‘N(/&M | (&, t) = w6, 7)|" - h(t = T)ng dS—
d —~ 2
_/M E|“”(fi)—u”(€,r)| ~h'(t—r)drdt)d§2

Zdl/OT/OT/RN (=550 = (e ) e e

(we use integration by parts and consider that A’ is negative on (0, 00)).
Similarly

(35) /OT /Ot/wlﬁla‘%@ (@(at)—@(g,ﬂ) WD (E,1) - h(t — 7)drdt =

a- d s~ (= = i
I/RNlﬁl N/MT 7 LZ:;{;} (ui (€,1)—ul (g,r))] h(t — 7)drdtd¢ > 0.R

Lemma 2. For any 7' > 0 there exists a constant Ca(7") > 0 such that the Galerkin approxi-
mants u” satisfy

(36) M.y rm 255 g ) < Co(T:

Proof:

We denote ¢ = N;a and let R” be the projection operator mapping W +42(Q; R N) to
sp(wt, ... w").

The starting point of our consideration will be the definition

TG t) = i (o) -

37 N2 v ~ b 9 W—1—¢,2 dt dt 7
( ) ||U ||W2 ((0;T7);W—1=<2(Q;R N)) /0 /0 |t1 _ t2|1+” 1402
(38)

1" (-, t1) — 6™ (-t lw-1-e2(qm ) = sup (U7 (-, t1) = ' (-, 12)) - ¥ dae
( )
||¢||W01+e,'231 Q

- s / (- t1) = (1 12)) - (R™),; da.
14l 1.2 <12



If we extend any function ¢ € W) T52(Q; R N) by zero outside €2 then

L 3 3
(3) el = [ (€1 18@D de, =5 <<

We choose any function v € W!+e2(Q; RN, [[40]] yyr1+e. 2qr ™) S 1, denote

¢ = R™ € sp(w!,...,w") and use equality (20) for u™(-,¢;) and u"(-,1s).
First we estimate

(40) ‘ /ﬂ <ge—vg(eu"(:v,tl))—8—W(eu"(x,t2))> 3%(:5)61:5 <
[ 7 (b t) = 1) - 5w | <

Sdz
i,5,k,1

< ds Z/RN (I~ (e 1) - e ta)l) - (€18 de <
ik

< dallu” (1) — " (o)l G- - ll@llyrses -

Let us remark that ||u"||W%((()7T>;W1_€),2(ﬂ;]R ) < d5(T) by Lemma 1. We can proceed similarly in

the case of the difference of the right-hand sides of the equation (30). Tt is sufficient to look at the

term in (30) generated by the memory portion of the stress af]/[
It holds for 0 < 5 < t; < T that

(a) /ﬂ [ /0“ /ﬂ emu"@,if;)_—;igu"(&,r) Wty — ) dédr—

_/tz/ eijun(f,tZ)_eijun(g’a) h(tz_o-)dfdd 6ij§0('r)d'r:
A |z — &[>

:/ﬂ/ﬂl/ot (it (€, 11) — exgu” (€, 11 — 5)) h(s) ds—

- / " (e u(€,12) — eiju” (€, 1o — 5)) h(s)ds cijp(r) déde =
0 EENG

- /]RN{/; (esju(& 1) — ejju™ (&, 12)) h(s) ds—

ta
_ / (ei;u™(&, 81 — 8) — e;;u"(§,t2 — 5)) h(s)ds+
0

+ /tt (eiju(€,t1) — ejju”(€,t1 — 5)) h(s) ds} : <ew . #)Q) de.

The last line of (30) contains three parts. We can write out the symmetric parts of the gradient
and estimate corresponding integrals (similarly as in (40) )

Jp; 1 ouy ouy
— - — <
N <8l‘] |O‘> <8l‘] (tl) 31‘] (t2)> d€ h(S) ds -
< do(T) ligllwres - (1) = " (t2) |- <
< dr(T) [Ju” (t1) — u” (t2)||lwa-e.2

(42)

s



The second integral can be estimated

0pi 1 ouy ouy
D4, — ) — Lh g, — <
(43) . <8x] : a) <3:L‘1 (t1 —s) e (2 5)) dé h(s)ds| <
ta
< ds(T) ||¢|lwr+e.2 / [lu™(t1 — s) — u”(ta — s)||wr-e2h(s)ds <
0
ta %
< aa(T) { [ 00) = )y -
0
and

T 1 1- n n 9
! ? ||U (tl B 5) —u (t2 - S)||W1—e,2 n
(44) /) /) /0 |(t1 — 5) _ (t2 _ S)ll/-l—l S le(T) ||U ||W%((07T);W1—€,'2(Q;]R Ny) -

Analogously we get

) [ (E ) (G- G- ) e s <

t1
S dll(T) / ||Un(t1) — Un(tl — 5)||W1—€,2 h(S) ds S
ta

< dn(T) /t 1 [[u?(t1) — u™(t1 — 8)||lwr.2 h(s)ds.

Hence

w [ ] ) = = 9l ds]z S <

T pt tq 2
! dtodty
< su U T 1,2 h(s)ds <
> Te(OpT || ( )”W / /0 </tz ( ) > (t — ¢ )V—I—l —

< dio(T) | [T oo (g0 myv 20 ) -

Lemma 2 follows from definitions and estimates (42), (43), (46) and Lemma 1. B

4. Interpolation.
Tet 1< p< % and —% < f< % We can introduce spaces W#*2((0,T); W#2(Q2)) by Definition
1. Then v € W*2((0,T); WF2(Q2)) may be expanded into the double Fourier series

(47) v = ZZ% hi(t) - (),

1=0 j=1

(48) ho(t) = \/LT, hi(t) = F cosi% t, 1=1,2,....



We use the equivalent norm

2 ~ 2 ) B
(49) o1y g0,z & 22 D ek~ (L) 7

1=0 j=1

Lemma 3. Let 0 < § < %, 0<ex< %, 0 < 4 < 1. Then there exists a constant C5 > 0 such
that

(50) ||v||W(1+5)'%'2((0VT);W—(1+€)'%'2(Q)) < Cs- ||v||i;&07T>;L2(Q)) ) ||U||;V1+6,2((07T);W—1—€f2(ﬂ))'

Proof: We compute directly that

= oy (148)- —(14e)
(51) lollw oo myw—sonaay = 3 9 - (14370 0+97 =

i=0 j=1
<Oy Z;Z;( 2) (148 A“*f)) Z;Z;(] (1+12) J?)M:
) J 4 J

1—
= 03 . ||U||L22(O,T);L2(ﬂ)) . ||U||’Ile+5"2((O,T);W_1_5’2(9)) N |

5. Existence of a weak solution.
The following theorem establishes the Lipschitz continuity of the operator o
Theorem 1. There exists p > 0, independent of T, such that

M

(52) o™ u = o™l Lo mypaiamny < AP llew = evll oo ry pagamey)-

Proof: We use twice Schwarz inequality

1
(53) v (UMU—UAJ/IU)Q =

= ([ [ Heante 1= et 1) = e, 7 = e, - M= D e ) <

2

/(emu(f )= el )’ 2 | /Ixﬁl“ </0th(t—7')dr> +

+/ﬂ/0 (esju(€, 7) — esj (€, 7)) T(t e /Ix—&l“'/ h(t — 7) dr.

We denote py = fooo h(t)dr and py =

we go on to compute
(54)
Loy wm M2 2 4 2 df)
2 [Mu—c U||L2(L2> <pi-p2- (eiju(€,t) —egju(E,1))” dt dé+
a \Jo

+P1~p2./Q/OT(ei]’u(ﬁ,T)—ei]'v(&:,r))z.(/TTh(t—T)dt) < Ci@&l“) drde <
<

2p7p3 ||eu — ev||%—2(L—z> |

. —— dz. Changing the order of the integration
fB(O diamQ)) |z| ging g
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Theorem 2 (existence of weak solutions). Let us consider the equation (4) — (6) with the
boundary and the initial conditions (7) and (8). Let introduced assumptions be satisfied; moreover
the following conditions hold:

(55) v>N—a
cok >pA

where ¢, is the constant in Korn’s inequality.
Then the problem (4) — (8) possesses weak solutions u on (0, 00). The solutions satisfy

(56) w € L((0,00); W) (R N))
i e L2((0,00); LA QR NY)
i € L2((0,T); W= L2 R YY)

N—o

u € WH2((0,T); W™= * (R Y))

N—o

i€ WE((0,T); W™ T (@R )

for all 7" > 0.
Proof: Let us choose any T' > 0. As u? is a bounded sequence in L*((0,7T); L%(Q)) and

Wi+3:2((0,T); W_l_NEQ*Z(Q)), we get from Lemma 3 (we put v = 47) that u? is bounded also
in the space WV(H'%)*Q((O,T);W_V(H'N;a)’Z(Q)), where H—% <7y < 1+]1V;"' Tt is possible to
N_QZ

choose such 7, because v > N — a. The space WYI+5)2((0, T); W—71+757).2(Q)), is compactly
embedded into the space W12((0,T); W=12(Q)). Thus we can choose a subsequence u™* which
converges to a certain function u in the following sense:

(57) uF —u in L2((0,7); Wh2(; R NY)
W™ —uin L2((0,T); LA R N))
u™ —uin WE2(0,T); W QR YY)

N—o

i@ —ii i WEAH0,T);WITTE AR YY)
i —i o in L2((0,T); WA R N)) .

Now, let P, be the projection operator from L2((0,T); W12(2; R N)) to the space spanned by the
vectors ¢;(t) - wi(x) , where ¢; € L%((0,T)), j =1,...,n. We have

(58) Pou—u v L*(0,T);Wh (R N)).

We put v = u”® — P,u as a test function into equality (30) obtaining

T T ow
(59) / / i (up® — (Ppyu);) dedt —|—/ / (eu™) - e;; (u™* — Py, u) dedt—
0o Ja o Jo Oeij

T
_)\A /ﬂ I:/Ot/ﬂ(eiju”k(gaT)—eiju”k(g’t)) . |x fggla ~h(t—7’)d7':| “eij (unk _Pnku) dedt —

:/()T/ﬂfi~(u?k—(Pnku)i) dedt.
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The first and the last integral tends to 0. We obtain a lower estimate from the condition of
ellipticity (9) and Korn’s inequality

(60) / / sy (¢ (4™ = Pau)) iy (u™ = Po,) dadt >

> ke [Ju™ — P"kulli'z((O,T);Wol"z(ﬂ;]R N

As oM is Lipschitz continuous we have

T
(61) / / 0?]{[ (u* — Py u) - €55 (u™* — Pp u) dedt <
0o Ja

<SAepe ™ - Pnkulli'z((O,T);Wj’?(ﬂ;]R M)

As

(62) / / (ePnku) ez] (U —_ P'ﬂku) dl‘dt —>07
862]
/ / U?f (Pn u) - i (u™* — Pp,u) dedt —0
0o Ja

and kcg — Ap > 0, then ™ — P,,u — 0 and also u”™* — u in L2((0,T); WH2(Q; R Y)). The
existence of the required weak solutions follows as a direct consequence of (30). W
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